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A new presentation of general solution of Navier-Stokes equations is considered here. 
We consider equations of motion for 3-dimensional non-stationary incompressible 
flow. The field of flow velocity as well as the equation of momentum should be split to 
the sum of two components: an irrotational (curl-free) one, and a solenoidal 
(divergence-free) one. 
The obviously irrotational (curl-free) part of equation of momentum used for obtaining 
of the components of pressure gradient. As a term of such an equation, we used the 
irrotational (curl-free) vector field of flow velocity, which is given by the proper 
potential (besides, the continuity equation determines such a potential as a harmonic 
function). 
The other part of equation of momentum could also be split to the sum of 2 equations: - 
with zero curl for the field of flow velocity (viscous-free), and the proper Eq. with 
viscous effects but variable curl. A solenoidal Eq. with viscous effects is represented by 
the proper Heat equation for each component of flow velocity with variable curl. Non-
viscous case is presented by the PDE-system of 3 linear differential equations (in regard 
to the time-parameter), depending on the components of solution of the above Heat Eq. 
for the components of flow velocity with variable curl. 
So, the existence of the general solution of Navier-Stokes equations is proved to be the 
question of existence of the proper solution for such a PDE-system of linear equations.  
Final solution is proved to be the sum of 2 components: - an irrotational (curl-free) one 
and a solenoidal (variable curl) components. 
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1. Introduction, the Navier-Stokes system of equations. 
 
In accordance with [1-3], the Navier-Stokes system of equations for incompressible 
flow of Newtonian fluids should be presented in the Cartesian coordinates as below 
(under the proper initial conditions): 
 
- where u is the flow velocity, a vector field; ρ is the fluid density, p is the pressure,  is 
the kinematic viscosity, and F represents body forces (per unit of mass in a volume) 
acting on the fluid and ∇  is the del (nabla) operator. Let us also choose the Ox axis 
coincides to the main direction of flow propagation. 
Besides, we assume here external force F above to be the central force, which has a 
potential  represented by F = -∇  . 
 
 
2. The originating system of PDE for Navier-Stokes Eqs. 
 
Using the identity (u∇)u = (1/2)∇(u2) – u×(∇×u), we could present the Navier-Stokes 
equations in the case of incompressible flow of Newtonian fluids as below [4-5]: 
 
 
 
- here we denote the curl field w, a pseudovector field [6] (time-dependent). 
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The system of equations (2.1) is equivalent to the Navier-Stokes system of equations 
for incompressible Newtonian fluids (1.1)-(1.2) in the sense of existence and 
smoothness of a general solution.  
 
Let us denote as below (according to the Helmholtz fundamental theorem of vector 
calculus): 
 
- where u p is an irrotational (curl-free) field of flow velocity, and u w - is a solenoidal 
(divergence-free) field of flow velocity which generates a curl field w: 
 
- here  - is the proper scalar potential, A – is the appropriate vector potential. For such 
a potentials, we could obtain from the equation (1.1) the equality below 
 
- it means that  - is the proper harmonic function [6], time-dependent. 
 
Thus, using the curl of the curl identity ∇×(∇×u) = ∇(∇·u) − ∇2u and Eq. (2.2), the 2-nd 
equation of (2.1) could be presented as the sum of two equations below: 
 
 
 
- where the 1-st Eq. of (2.3) is the analogue of Bernoulli invariant [2]. 
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So, if we solve the second equation of (2.3) in regard to the components of vectors u w, 
u p we could substitute it into the 1-st equation of (2.3); thus, we could obtain the proper 
expression for vector function  p: 
 
- where  - is the also time-dependent function, in general case. 
 
Thus, the key equation of Navier-Stokes equations in the case of incompressible flow 
for Newtonian fluids should be presented in a form below: 
 
 
3. Irrotational vs. solenoidal field of flow velocity in Navier-Stokes Eqs. 
 
Let us assume that some stable (constant) vorticity suddenly arise in viscid newtonian 
fluid; then, using the curl of the curl identity ∇2u = ∇(∇·u) − ∇×(∇×u), we should 
obtain that ∇2u = 0 for such a flow (viscous force equals to zero). 
It means that in the case of viscid newtonian fluids, the changing of variable curl field 
w strongly depends on viscosity factor of fluids; besides, the constant vorticity is zero. 
But zero stable vorticity does not mean the zero velocity field which is assumed to be  
corresponding to such a curl field. 
 
That’s why Eq. (2.5) should be presented as the sum of two equations below: 
)4.2(,}){(
2
1 2
wp uu
p 



 5.2)()(
)(
2
wwwp
wp
uuuu
t
uu 

















)2.3(,
)1.3(,
2
w
w
p
p
u
t
u
fwu
t
u




5 
- where we designate: 
 
Equation (3.2) immediately yields: 
 
- it means indeed that the changing of variable curl field w should strongly depend on 
viscosity factor of fluids in case of viscid newtonian fluids. 
 
So, if we solve Eq. (3.2) for the components of vector u w (for finding of w), we should 
substitute it into Eq. (3.1) for solving it in regard to the vector function u p, which 
should depend on components of vector function f (u w, w) and curl w. 
 
 
4. Field of flow velocity with zero curl. 
 
Let us search for solutions u p = {U, V, W} of (3.1), where each function is assumed to 
be depending on variables (x, y, z, t). It means that we should obtain time-dependent 
solutions to the system of PDE below: 
 
 
- which should have a zero curl: 
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The “zero curl” condition yields the proper expressions for functions U, V, W: 
 
 
In such a case, the expressions (4.2) let us represent the system of Eqs. (4.1) as below: 
 
 
- where 
 
- are the 3 unknown functions (time-dependent), which to be determined. 
 
Thus, each of system of Eqs. (4.1) or (4.3) is proved to be equivalent to the system of 
Eqs. (3.1), but we should especially note that the combined system of equations (2.2), 
(2.4)+(3.1)+(3.2) is equivalent to the initial system of Navier-Stokes (1.1)+(1.2) in the 
sense of existence and smoothness of a solution. 
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5. Solution for the zero curl flow, u p = {U, V, W}. 
 
Eqs. (4.1) are the system of 3 linear PDEs (in regard to the time-parameter t) for 3 
unknown functions: U, V, W, each of them could have the solution of complex value in 
general case [6]. Such a solution is out of direct physical significance but providing a 
new information about the equations themselves [7-8]. 
 
Besides, (4.1) is the system of 3 linear differential equations with all the coefficients 
depending on time t. In accordance with [6] p.71, the general solution of such a system 
should be given as below: 
 
- where { p} - are the fundamental system of solutions of Eqs. (4.1): {U, V, W}, in 
regard to the time-parameter t; { ,p} - are the fundamental system of solutions of the 
corresponding homogeneous variant of (4.1), {C} - are the set of functions, not 
depending on time t;  besides, here we note as below: 
 
 
 
It means that the system of Eqs. (4.1) could be considered as having been solved if we 
obtain a general solution of the corresponding homogeneous system (4.1). Let us search 
for such a general solution of the corresponding homogeneous system (4.1) as below 
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The system of Eqs. (5.2) has the analytical way to present a proper solution [6] p.539. 
First of all, (5.2) yields the proper 1-st integral (invariant): 
 
- where  (x, y, z) – some arbitrary function, given by the initial conditions. 
 
If we solve (5.2) for  = 1, all other solutions could be obtained by the multiplying on 
the arbitrary function  (x, y, z). Thus, it is sufficient for us to consider the case  = 1. 
If we consider a new functions (t), (t) for the case  = 1 and, besides, we consider it 
under assumption below: 
 
- where i is the imaginary unit, then for (t) we should obtain the Riccati equation [6], 
[9]: 
 
- but for  (t) we should obtain the same as (5.3) Riccati equation (by the differentiating 
of the expression for a new function (t) above): 
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For the components {U, V, W} the expressions above yield as below ( ≠  ≠ 0): 
 
- but for the reason (*) we should note that: 
 
 - that’s why all the components {U, V, W} (5.4) are the real functions in any case. 
 
Besides, according to (1.1) the appropriate restriction should be valid for identifying of 
the function  (x, y, z) and the set of functions {C (x, y, z)} in (5.1): 
 
- which is the PDE-equation of the 1-st kind; w x, w y, w z depend on variables (x,y,z, t). 
 
So, the existence of the solution for Navier-Stokes system of equations (2.2), 
(2.4)+(3.1)+(3.2) (which is equivalent to the initial system of Navier-Stokes (1.1)+(1.2) 
in the sense of existence and smoothness of a solution) is proved to be the question of 
existence of the proper function  (x, y, z) and the set of functions {C (x, y, z)} in (5.1) 
of so kind that the PDE-equation (5.5) should be satisfied under the given initial 
conditions (see [10], p.176). Besides, non-homogeneous solution (5.1) from (5.4) 
should generate a zero curl, according to the chosen form of solution (4.2); it means an 
additional restrictions at choosing of functions  (x, y, z) and {C (x, y, z)} in (5.1): 
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6. Variable curl, the final presentation of solution. 
 
Eq. (3.2) is known to be the Diffusion or Heat equation for each of components of flow 
velocity u w in the Cartesian coordinates [11]. Indeed, we know that the result of vector 
Laplacian for any vector function equals to the result of scalar Laplacian for each 
components of such a vector function only in the Cartesian coordinate systems [6]. 
Thus, we obtain that initial system of Navier-Stokes equations (1.1)-(1.2) for 
incompressible Newtonian fluids is equivalent to the combined system of equations 
(2.2), (2.4)+(3.1)+(3.2) in the sense of existence and smoothness of the solution. 
To solve such a system, we present solution in a form u =   + u w, where curl-free 
field of flow velocity   = {U, V, W} is the flow velocity which generates a zero curl. 
Besides, (x,y,z,t) is the proper harmonic function (potential) in regard to the variables 
{x,y,z}, see equation (2.2); but the flow velocity u w generates only a variable curl w for 
the case of viscid newtonian fluid. 
 
 The 1-st, we should find the solution of equation (3.2) for each of components of flow 
velocity u w; there are a modern methods for solving of 3D Heat equations [11]. The 2-
nd, we should calculate the proper components of curl w. Then we should substitute all 
the components of curl w and flow velocity u w to the equation (4.1) or (4.3) for solving 
it in regard to the components of flow velocity   = {U, V, W} in a form (4.2). 
So, if we find a solution of flow velocity u =   + u w, we could substitute it into the 
equation (2.4) for the obtaining of a proper expression for vector function  p. 
Final solution is proved to be the sum of 2 components: - an irrotational (curl-free) one 
and a solenoidal (variable curl) components. 
 
 
7. Discussions. 
 
In fluid mechanics, a lot of authors have been executing their researches to obtain the 
analytical solutions of Navier-Stokes equations [12], even for 3D case of compressible 
gas flow [13]. 
11 
We should especially note the excellent results [14]: it was outlined that the initial 
system of Navier-Stokes equations for incompressible 3D Newtonian fluids could be 
transformed to the Heat equation in regard to the proper components of the flow 
velocity, under the proper conditions (if the initial conditions and the components of the 
externally applied force are chosen such that the nonlinear umbilical force vanishes by 
construction). That’s why such an equation has a proper analytical exact solution in R³ 
with the kernel of Gaussian type’s integral [14]. 
 
Our presentation of the solution of Navier-Stokes equations for incompressible 3D 
fluids assumes implementing of the Helmholtz decomposition u =   + u w (one of 
which generates a zero curl, other generates only a variable curl w). 
Besides, each component of the vector of flow velocity u w (with variable curl) is 
proved evidently to be the solution of a proper Heat equation. 
If we obtain a proper solutions for the flow velocity u w (and curl w) we could search 
for solutions of the flow velocity   = {U, V, W}, with zero curl. 
The system of equations for the flow velocity   = {U, V, W} is proved to have the 
proper solution of real value in general case. Having obtained the solution for flow 
velocity u =   + u w, it yields the proper expression for vector function of pressure 
gradient  p. 
We should especially note that the final solution is proved to be equivalent to the 
solution of the initial Navier-Stokes system of equations for incompressible Newtonian 
fluids in the sense of existence and smoothness of such a solution. 
 
 
8. Conclusion. 
 
A new presentation of general solution of Navier-Stokes equations is considered here. 
We consider equations of motion for 3-dimensional non-stationary incompressible 
flow. The field of flow velocity as well as the equation of momentum should be split to 
the sum of two components: an irrotational (curl-free) one, and a solenoidal 
(divergence-free) one. 
12 
The obviously irrotational (curl-free) part of equation of momentum used for obtaining 
of the components of pressure gradient. As a term of such an equation, we used the 
irrotational (curl-free) vector field of flow velocity, which is given by the proper 
potential (besides, the continuity equation determines such a potential as a harmonic 
function). 
The other part of equation of momentum could also be split to the sum of 2 equations: - 
with zero curl for the field of flow velocity (viscous-free), and the proper Eq. with 
viscous effects but variable curl. A solenoidal Eq. with viscous effects is represented by 
the proper Heat equation for each component of flow velocity with variable curl. Non-
viscous case is presented by the PDE-system of 3 linear differential equations (in regard 
to the time-parameter), depending on the components of solution of the above Heat Eq. 
for the components of flow velocity with variable curl. 
So, the existence of the general solution of Navier-Stokes equations is proved to be the 
question of existence of the proper solution for such a PDE-system of linear equations.  
Final solution is proved to be the sum of 2 components: - an irrotational (curl-free) one 
and a solenoidal (variable curl) components. 
 
 
Acknowledgements 
 
I am thankful to CNews Russia project (Science & Technology Forum, mathematical 
branch) - for valuable discussions in preparing this manuscript. Especially I am 
thankful to Dr. L.Vladimirov-Paraligon for valuable discussions of this manuscript. 
 
 
References: 
 
[1].  Ladyzhenskaya, O.A. (1969), The Mathematical Theory of viscous 
Incompressible Flow (2nd ed.), Gordon and Breach, New York. 
[2]. Landau, L.D.; Lifshitz, E.M. (1987), Fluid mechanics, Course of Theoretical 
Physics 6 (2nd revised ed.), Pergamon Press, ISBN 0-08-033932-8. 
13 
[3]. Lighthill,  M. J. (1986), An Informal Introduction to Theoretical Fluid Mechanics, 
Oxford University Press, ISBN 0-19-853630-5. 
[4]. Saffman, P. G. (1995), Vortex Dynamics, Cambridge University Press, ISBN 0-
521-42058-X. 
[5]. Milne-Thomson, L.M. (1950), Theoretical hydrodynamics, Macmillan. See also: 
   http://www.encyclopediaofmath.org/index.php/Bernoulli_integral 
[6]. Kamke E. (1971), Hand-book for Ordinary Differential Eq. Moscow: Science. 
See also: http://mathworld.wolfram.com/LaplacesEquation.html 
[7]. Tsyganov E. (2013), Space-time holomorphic solutions of Navier-Stokes 
equations. See also: http://arxiv.org/abs/1309.0229 
[8]. Li D., Sinai Y.G. (2008), Blow ups of complex solutions of the 3D Navier-Stokes 
system and renormalization group method, J.Europ.Math.Soc., 10(2), pp.267-313. 
[9]. Polyanin A.D. (2004), Hand-book for Ordinary Differential Eq. Moscow. 
[10]. Kamke E. (1966), Hand-book for Partial Differential Eq. Moscow: Science. 
[11]. Thambynayagam, R.K.M. (2011), The Diffusion Handbook: Applied Solutions for 
Engineers, McGraw-Hill Professional, ISBN 978-0-07-175184-1. 
[12]. Drazin, P.G. and Riley N. (2006), The Navier-Stokes Equations: A Classification 
of Flows and Exact Solutions, Cambridge, Cambridge University Press. 
[13]. Ershkov S.V., Schennikov V.V. (2001), Self-Similar Solutions to the Complete 
System of Navier-Stokes Equations for Axially Symmetric Swirling Viscous 
Compressible Gas Flow, Comput. Math. and Math. Phys. J., 41(7), p.1117-1124. 
[14]. Thambynayagam, R.K.M. (2013), Classical analytic solutions of the non-
stationary Navier-Stokes equation in two, three and higher dimensions. See also: 
   http://arxiv.org/pdf/1307.7632.pdf 
